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Anomalous Hall and Nernst effects in a two-dimensional electron gas
with an anisotropic cubic Rashba spin-orbit interaction
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The anomalous Hall and Nernst effects are considered theoretically within Matsubara-Green’s
function formalism. The effective Hamiltonian of a magnetized two-dimensional electron gas with
cubic Rashba spin-orbit interaction may describe transport properties of electronic states at the
interfaces or surfaces of perovskite oxides or another type of heterostructures that, due to symmetry,
may be described by the same effective model. In the quasi-ballistic limit, both effects are determined
by the topological (Fermi sea) contribution whereas the states at the Fermi level gives a negligibly
small response. For a wide range of parameters describing the considered system, the anomalous
Nernst conductivity reveals a change of the sign before the magnetic phase transition.
PACS numbers: 68.65.-k 71.70.Ej 73.23.-b 73.40.-c
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I. INTRODUCTION
Spin-orbit interaction is the origin of various phases
and phenomena observed in the physics of solid-state
providing pure electric control of the spin degree of free-
dom [1]. Nowadays, the spin-orbit driven transport phe-
nomena, such as anomalous and spin Hall effects, has
become a fundamental tool for generation spin accumu-
lation and detection of spin currents and topological char-
acter of quasiparticles states. Moreover, pure electrical
control of the spin degree of freedom is one of the crucial
ideas of spintronics, according to which spin-based elec-
tronics should provide smaller, cheaper and faster elec-
tronic devices with high functionality (e.g., data storage
and logic operations in one material) and low energy con-
sumption at room temperatures [2–6].
It is known that spin-orbit interaction strongly de-
pends on the type of impurities and the crystallographic
potential of the host material and is especially enhanced
in low dimensional systems. In such a case the space
inversion symmetry is broken at the surfaces or inter-
faces what results in an additional component of the
spin-orbit interaction, called the Bychkov-Rashba inter-
action [7–10]. This type of spin-orbit interaction, result-
ing from structural inversion asymmetry, has been de-
scribed initially in the context of a two-dimensional elec-
tron gas forming at the interfaces of semiconductor het-
erostructures [8]. For symmetry reasons, Rashba Hamil-
tonian is odd in quasiparticle momentum what leads in
the simplest approximation to the well known k-linear
dependence. However, in various 2D systems, terms
with a cubic momentum dependence play also an im-
portant role. The so-called cubic Rashba interaction is
responsible, e.g., for spin and transport properties of
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a two-dimensional hole gas formed at the interfaces of
III-V semiconductor heterostructures [11–16]. Recently,
the cubic character of Rashba interaction has also been
found in a two-dimensional electron gas at the perovskite
oxides surfaces and interfaces such as LaAlO3/SrTiO3
(LAO/STO) [17–20].
The thin films or heterointerfaces of perovskite oxides
are a diverse group of materials with intriguing aspects
of fundamental physics. For instance, the interfaces of
insulating nonmagnetic oxide perovskites reveal interest-
ing physical properties such as two-dimensional metal-
lic conductivity, large negative magnetoresistance, metal-
insulator transition, low-temperature superconductivity,
and ferromagnetism as well as their coexistence [21–
23]. Moreover, experimental data indicate strong spin-
to-charge interconversion effects governed by spin-orbit
coupling [24–27].
Here, we investigate anomalous Hall and Nernst ef-
fects in a two-dimensional electron gas with anisotropic
k-cubed Rashba spin-orbit coupling. Anomalous Hall ef-
fect has become nowadays one of the most important and
commonly used experimental tools, delivering informa-
tion about magnetization, transport properties, and the
system topology [28]. Although the behavior of anoma-
lous Hall conductivity in the presence of linear Rashba
coupling has been investigated intensively, the influence
of the cubed Rashba coupling on it has got much less
attention. Therefore, the purpose of this paper is to pro-
vide the theoretical description of the AHE and ANE
in magnetized 2D electron gas with cubic Rashba cou-
pling. Since perovskite oxides have become recently very
promising materials for spintronics applications, the ef-
fective Hamiltonian derived for 2DEG at LAO/STO in-
terface is considered. However, the presented model and
qualitative results may also be applied to other structures
that, due to symmetry arguments, can be described by
the same Hamiltonian.
In Section 2 the effective low-energy Hamiltonian de-
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FIG. 1. Band structure of the electronic states at the interface of LAO/STO obtained based on TB model (a)-(c) and effective
model for close vicinity of the Γ point (d),(e). Figures (c) and (d) show constant energy contours at 4 meV above the bands
minima in TB and effective model respectively. The anisotropy of energy spectrum in the k-space is seen in both models.
Figure (f) presents the cut-off wavevector as a function of the effective mass, and Fermi contours obtained for selected values of
effective mass. The TB model and parameters such as lattice constant a = 4.05 A˚, hopping integrals: t1 = 0.227 eV, t2 = 0.031
eV, t3 = 0.076 eV, and parameters ∆ = 0.4 eV, γ0 = 0.02 eV and ∆ASO = 0.01 eV are taken from Ref. [20].
scribing electronic states of 2DEG with cubic Rashba
spin-orbit coupling is described. In this section, the
Matsubara-Green’s function formalism is applied to the
anomalous Hall and Nernst effects. The Berry phase ap-
proach is also introduced. The discussion of numerical
results is given in Sec. 3. Finally, Sec. 4 contains the
final remarks and summary of this work.
II. MODEL AND METHOD
A. Effective Hamiltonian
The electronic energy spectrum describing STO sur-
faces and STO/LAO interfaces has been calculated re-
cently within the tight-binding approach and DFT mod-
eling [17, 18, 29–32]. Based on these calculations the
effective Hamiltonian describing the neighborhood of the
Γ point in the Brillouin zone has been derived [17–20].
This energy spectrum is formed by three pairs of bands
as presented in Fig. 1(a). These bands are created by d-
orbitals (dxy, dxz and dyz) originating mostly from t2g
atomic orbitals of Ti. The effective Hamiltonian de-
scribing the lowest pair of bands is formed by dxy or-
bital and has a form of k-linear Rashba Hamiltonian
with a negative coupling constant. The middle pair of
bands around Γ point is described by spin-orbit coupling
term which is not only anisotropic in a k-space but also
has a cubic dependence on k (Fig. 1(b)-(e)). The high-
est, in energy, pair of bands is characterized by effective
Hamiltonian with k-linear Dresselhaus-like form of spin-
orbit [20]. Since electronic transport characteristics in
a system with conventional Rashba term is rather well
described, within this article, we focus only on the trans-
port properties of quasiparticles from the middle pair of
bands. Another word, the aim is to describe transport
properties related to quasiparticle states determined by
anisotropic k-cubed Rashba spin-orbit interaction. The
effective Hamiltonian describing the system under con-
sideration has the following form:
Hˆ =
~
2k2
2m
σ0 + λ (k
2
x − k
2
y)(kx σy − ky σx) +M σz , (1)
where k2 = k2x + k
2
y and kx = k cos(φ), ky = k sin(φ)
are the wavevector components, m is an effective mass
of quasiparticle. The Rashba coupling constant is de-
fined as λ = a3γ(t1 + t3 − t2)/∆, where a is the lattice
constant for perovskite oxides, γ and ∆ stands for the ef-
fective hopping amplitude and energy difference between
the dxy orbital and the dxz and dyz orbitals, respectively
while t1,2,3 are the tight-binding parameters describing
the virtual hopping between d-orbital states via p-orbitals
of the oxygen [20, 29, 30]. The last term in the Hamil-
tonian describes effective exchange interaction with pa-
rameter M describing effective magnetization in energy
units. The magnetization is oriented in z-direction (out-
of 2DEG plain) and depends on temperature according to
the Bloch relation [33]: M =M0
[
1− (T/TC)
3/2
]
, where
M0 is the saturation magnetization, M0 = M(T = 0),
T is the temperature and TC denotes Curie tempera-
ture. Here it should be stressed that the above effective
Hamiltonian is unbounded from below for large wavevec-
tors what is unphysical. Thus the considerations within
this model are restricted only to small quasiparticle den-
sities. Thus, one needs to define the cut-off energy, Ec
(and corresponding to it cut-off wavevector) below which
the states might be occupied and require that chemical
potential is far below the cut-off energy, that is µ≪ Ec.
Accordingly, for numerical calculations, the module of
3cut-off wavevector, kc, is defined as kc = ~
2/(3mλ) and
corresponds to the local maximum of the energy disper-
sion for the lower (i.e., E−) branch (see inset in the upper
right corner of Fig. 1(f)). Since the cut-off wavevector
depends on the effective mass and Rashba coupling con-
stant, thus the energy window related to the reasonable
changes of the chemical potential also strongly depend
on them. This is shown in Fig. 1(f), where kc is plotted
as a function of the quasiparticle effective mass. Ad-
ditionally, the Fermi contours fixed for the same Fermi
energy, for different values of effective mass are shown.
Evidently, the anisotropy of energy bands is more pro-
nounced at higher effective masses.
The casual Green function corresponding to the Hamil-
tonian (1) has the following explicit form:
Gk(ε) = Gk0 σ0 +Gkx σx +Gky σy (2)
with coefficients:
Gk0 =
1
2
(Gk+ +Gk−) , (3)
Gkx =
λk3
4ξk
(sin(φ) − sin(3φ)) (Gk+ −Gk−) , (4)
Gky =
λk3
4ξk
(sin(φ) + sin(3φ)) (Gk+ −Gk−) , (5)
Gkz =
M
2ξk
(Gk+ −Gk−) , (6)
where Gk± = [ε+ µ− E± + iδsgn(ε)]
−1 with the eigen-
values E± = ǫk ± ξk, and ξk =
√
M2 + λ2k6 cos2(2φ).
B. Anomalous Hall conductivity
To calculate the anomalous Hall conductivity (AHC),
the Matsubara-Green’s function formalism has been used
(see e.g. [34–37]). In the linear response regime, the
transverse charge current density induced by external
electric field can be derived based on the following ex-
pression:
jx(iωm) = kBT
∑
k,n
Tr
{
jˆxGk(iεn + iωm)HˆA(iωm)Gk(iεn)
}
,
(7)
where Gk(iεn) denotes Matsubara-Green’s function cor-
responding to the unperturbed Hamiltonian (1) with
εn = (2n+ 1)π kBT , ωm = 2mπkBT being Matsubara
energies, and kB is the Boltzmann constant. The charge
current density operator is defined as jˆi = evˆi where e is
the electron charge and the velocity operator is defined
as vˆi = ~
−1∂kiHˆ . The perturbation Hamiltonian HˆA de-
scribing the coupling of quasiparticles with an external
electric field is given in the form:
HˆA(iωm) = −jˆyAy(iωm) , (8)
where the amplitude of electromagnetic field is linked
with the amplitude of electric field through the well
known relation: Ay(iωm) = −i~Ey(iωm)/iωm. The sum
over Matsubara energies has been done using the method
of contour integration and analytical continuation for
Green’s function [34]. Finally, the expression for AHC
receives the following form:
σxy(ω) = −
e2~
ω
Tr
∫
d2k
(2π)2
∫
dε
2π
f(ε)
×
[
vˆxG
R
k
(ε+ ω)vˆy[G
R
k
(ε)−GA
k
(ε)]
+ vˆx[G
R
k (ε)−G
A
k (ε)]vˆyG
A
k (ε− ω)
]
,(9)
where G
R/A
k
=
[
(ε+ µ± iΓ)σ0 − Hˆ
]−1
stands for re-
tarded/advanced Green’s function, Γ is a quasiparticle
relaxation rate (Γ = ~/2τ , τ – relaxation time), µ is
a chemical potential, and f(ε) denotes the Fermi-Dirac
distribution function. The equation (9) is a starting for-
mula for further numerical and analytical calculations.
C. Anomalous Nernst conductivity
The anomalous Nernst conductivity (ANC) can be also
found based on Matsubara-Green’s function formalism.
One can start from equation similar to Eq.(7), but with
the perturbation Hamiltonian defining as follows:
HˆA(iωm) = −jˆ
h
y Ay(iωm), (10)
where jˆhy is a heat current density operator and A is an
artificial gravitational vector potential amplitude related
to the temperature gradient by the following expression:
A(iωm) = i~∇yT (iωm)/(iωmT ) (for details see e.g. [37,
39–41]).
In turn, it is also known that some thermal transport
coefficients obtained within the Kubo-like formalism be-
have unphysically when the temperature tends to zero.
Thus, to satisfy the Onsager relations, the magnetization
currents should be taken into account. Other words, for
the anomalous Nernst effect, to obtain results satisfying
the third thermodynamic law, one should add to the ex-
pression derived from the Kubo formula an additional
term related to the orbital magnetization current den-
sity. In this manuscript, quite tedious calculations of the
orbital magnetization are omitted due to the fact that
in the model under consideration the AHE is determined
by the topological component. In such a case it is eas-
ier to calculate the transverse heat current conductivity,
βxy, which intrinsic contribution is expressed by the en-
tropy density of the electron gas, Sn(k), and the Berry
curvature, Bzn. Since the transverse heat current conduc-
tivity is related to the transverse heat conductivity by
the Onsager relation, βxy = αxyT , ANC is given by the
following expression [42, 43]:
αxy =
ekB
~
∑
n=±
∫
d2k
(2π)2
Bzn(k)Sn(k). (11)
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FIG. 2. Anomalous Hall conductivity as a function of temperature, T , and saturation magnetization, M0, (a), (b), (g);
temperature and Rashba coupling constant, λ, (c), (d); Rashba constant and saturation magnetization (e), (f), (h); Other
parameters (unless otherwise specified): µ = 60 meV,M0 = 10 meV, λ0 = 1.07 ·10
−30 eVm3, T = 10 K, TC = 180 K, Γ = 0.005
meV, m = 1.14m0.
The entropy density for the n-th subband is given by the
equation:
Sn(k) = −fk(En) ln[fk(En)]−(1−fk(En)) ln[1−fk(En)]
(12)
and the Berry curvature is calculated from the expres-
sion:
Bzn(k) = i∇k × 〈Ψn|∇k|Ψn〉, (13)
with Ψn standing for the eigenvector related to the n-th
eigenvalue of the Hamiltonian (1).
III. RESULTS AND DISCUSSION
Evaluation of the Eq. (9) for AHC and Eq. (11) for
ANC allows to obtain analytical and numerical results.
Eq. (9) has to be integrated analytically over ε and next
the dc-limit (ω → 0) has to be taken. Moreover, after a
long discussion about different origins of AHE and proper
nomenclature related to its different origins (see, e.g.,
[28]), the AHC is commonly expressed as a sum of two
components:
σxy = σ
I
xy + σ
II
xy. (14)
The first component, σIxy [f
′(E±)], is the contribution
from the states at the Fermi level and the second one,
σIIxy [f(E±)], describes contribution from all states below
the Fermi level (so-called Fermi sea or topological com-
ponent).
Here we consider the quasi-ballistic limit, that means
low impurities concentration and weak scattering on im-
purities, which results in Γ → 0. In this case, we found
that the component σIxy is a few orders of magnitude
smaller than the contribution from σIIxy and can be ne-
glected. Thus, the electronic properties of the system
described by anisotropic k-cubed Rashba model is deter-
mined by the quasi-particle states from the Fermi sea,
and:
σIIxy = −
3e2Mλ2
8π2~
∫
dφdk
k5
ξ3
k
cos2(2φ) [f(E−)− f(E+)] .(15)
This result might be verified easily taking into account
the fact that the topological contribution to the AHC
may be derived based on the knowledge of the local value
of the Berry phase in the system [44–46]:
σIIxy = −
e2
~
∑
n=±
∫
d2k
(2π)2
Bzn(k)f(En). (16)
The Berry curvature for the considered model has the
following explicit form:
Bz±(k) = ∓
3
2ξk3
k4Mλ2 cos2(2φ). (17)
Thus, inserting (17) into (16) gives immediately Eq. (15).
In turn, taking into account Eq. (11) the expression for
ANC reads:
αxy =
3eMλ2kB
8π2~
∫
dφdk
k5 cos2(2φ)
ξ3
k
[S−(k) − S+(k)] .
(18)
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FIG. 3. Anomalous Hall conductivity as a function of chemi-
cal potential, µ, and temperature T (a),(c). The cross sections
of the plots (a) and (c) at fixed values of µ (b), (d). Other
parameters are the same as in Fig. 2.
Figure 2 presents numerical results for anomalous Hall
conductivity as a function of temperature, T , saturation
magnetization, M0, and Rashba coupling constant, λ.
The AHC increases slightly with the temperature reach-
ing a maximum at certain value of T , and next decreasing
to vanish at T equal the Curie temperature (T = TC),
where the phase transition occurs, and a system becomes
nonmagnetic (Figs. 2 (a)-(d)). Moreover, one can easily
see that the maximum value of AHC is shifted to higher
temperatures with increasing the saturation magnetiza-
tion (Figs. 2 (a),(b)). For higher temperatures and larger
M0 the maximum of AHC is well pronounced and pre-
cedes the magnetic phase transition. Furthermore, the
competition between the strength of spin-orbit coupling
and saturation magnetization is clearly seen in Figs. 2
(e)-(h). AHC increases with the saturation magnetiza-
tion, reaches a maximum, and then saturates. In general,
for the fixed M0 and µ, the absolute value of the anoma-
lous Hall conductivity increases with increasing λ. Note
that the chemical potential is fixed with changing the
temperature, that is, the number of quasiparticles may
be changed. With increasing the temperature the magne-
tization decreases and the subbands splitting degeneracy
also decreases. Moreover, the blurring of quasiparticles
distribution also increases. In consequence, the AHC de-
creases with temperature. The AHC behave quite non-
monotonous with the variation of the chemical potential.
For the fixed value of saturation magnetization, we ob-
serve that AHC increases with increasing the chemical
potential but after reaching maximum it decreases and
becomes zero at T = TC (Fig. 3 (a), (b)). Moreover,
the maximum of the absolute value of AHC moves to
higher values of µ and T if the saturation magnetiza-
tion, M0, in the system is higher (compare Fig. 3 (a),
(b) with Fig. 3(c), (d)). Note also that the AHC is al-
most zero when only one subband is occupied (that is,
for Fermi level in the Zeeman gap). Only when the tem-
perature is sufficiently large, in comparison to M0, the
thermal smearing of charge carriers distribution in both
bands leads to nonzero AHC, also for negative values of
µ, what is seen in Fig. 3.
Figure 4 shows the anomalous Nernst conductivity as
a function of the same parameters as for AHC, that is
the temperature, T , saturation magnetization, M0, and
Rashba constant, λ. For fixed value of chemical potential
(here µ = 60 meV), and sufficiently large saturation mag-
netization one can observe that the anomalous Nernst
conductivity increases almost linearly with temperature
and then, for a certain value of T , decreases abruptly and
change the sign to reach well define pick for temperatures
preceding the Curie temperature (Figs. 4 (a)-(d)). Both
maxima (maximal negative and positive values) occur for
higher temperatures when saturation magnetization, M0
is higher (Fig. 4(b)) or the spin-orbit coupling parameter
is smaller, λ (Fig. 4(d)). Moreover, one can see very non-
monotonous behavior of ANC as a function of both M0
and λ (Figs. 4 (e)-(h)). When the spin-orbit coupling
is sufficiently large (i.e., it dominates the exchange in-
teraction), ANC takes positive values and increases with
M0. After reaching a maximum, the ANC decreases, and
for a certain value of M0 it changes sign and approaches
minimum. Finally, the absolute value of ANC slightly de-
creases and saturates for sufficiently large values of M0.
When exchange interaction dominates the Rashba one,
the ANC is always negative. This is also very good seen
in Fig. 5 where ANC is presented as a function of temper-
ature and chemical potential for the two different values
of M0.
One of the most important features in the behavior of
ANC is the change of its sign, that occurs for tempera-
tures preceding the magnetic phase transition. The simi-
lar sign reversal of ANC as a function of temperature has
been observed experimentally in different oxides materi-
als (such as LSMO thin layers and SRO crystals) [47, 48]
as well as in ferromagnetic semiconductors [49]. In the
case of all these experimental data, the intrinsic mecha-
nism has been confirmed as a dominant one. This behav-
ior seems to be in agreement with our theoretical studies
that show unambiguously that the topological contribu-
tion governs the behavior of both anomalous Hall and
anomalous Nernst effect. Moreover, this is also consis-
tent with our previous study for the two-dimensional gas
with isotropic cubic Rashba coupling [50].
IV. CONCLUSIONS
The anomalous Hall and Nernst effect have been stud-
ied in the magnetized two-dimensional electron gas with
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FIG. 4. Anomalous Nernst conductivity as a function of temperature, T , and saturation magnetization, M0 , (a), (b), (g);
temperature and Rashba coupling constant, α, (c), (d); Rashba constant and saturation magnetization (e), (f), (h). Other
parameters are as in the Fig. 2.
(a)                                       (c)                                    
(b)                                       (d)                                   
FIG. 5. ANC as a function of chemical potential, µ, and
temperature, T (a), (c). The cross sections of the plots (a)
and (c) at fixed values of µ (b), (d). Other parameters are
the same as in Fig. 2.
anisotropic k-cubed Rashba spin-orbit interaction. It has
been shown that the topological term determines anoma-
lous Hall and anomalous Nernst conductivity. The con-
tribution from the states at the Fermi level to both con-
ductivities are few orders of magnitude smaller and does
not affect the total system responses. Such behavior of
AHE (ANE) in the systems revealing k-cubic Rashba in-
teraction is distinct in comparison to the systems with
k-linear Rashba coupling where AHE is nonzero only
when the carriers relaxation times are finite and spin-
dependent (see, e.g., [51]). Moreover, the change of sign
in ANC has been observed in temperature dependences.
The sign reversal precedes the magnetic phase transition
and has been observed recently in experiments for mag-
netic perovskite oxides. The system responses for the
model studied in this paper might be changed when one
takes into account scattering processes (taking correc-
tions related to the vertex correction, skew-scattering,
and side-jump, randomness of spin-orbit coupling, etc.)
related to the impurities with a magnetic moment and
spin-orbit coupling. All these processes (that will be
studied separately elsewhere) may modify the contribu-
tion from the states at the Fermi level remaining the
topological contribution unchanged.
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